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Abstract

In active noise control (ANC), there is still room for further improvement in at least two directions: (1)
how to use a finite impulse response (FIR) filter to suppress noise in a resonant field with infinite impulse
response (IIR) paths; and (2) how to deal with non-minimum-phase (NMP) secondary paths. A new ANC
configuration is proposed here. If the secondary path is minimum phase (MP), the new configuration is able
to cancel broadband noise completely with a FIR filter. The same objective can only be achieved if one
applies an IIR filter in an available ANC configuration. If the secondary path is NMP, the new
configuration is able to minimize the H2 norm of the noise path with a FIR filter. Again, this result can only
be achieved if one applies an IIR filter in an available ANC configuration. Analytical and experimental
results are given to demonstrate the significant improvement in almost the entire frequency range of
interest.
r 2005 Elsevier Ltd. All rights reserved.
1. Introduction

Active noise control (ANC) is an effective technique to suppress low-frequency noise [1,2].
Different feedback and feedforward control strategies are applied to ANC systems [3–5]. A
possible application of ANC is the suppression of noise in resonant fields where path transfer
functions have infinite impulse responses (IIR). To avoid the near-field effects, actuators and
sensors in an ANC system may not be collocated and transfer functions between actuators and
see front matter r 2005 Elsevier Ltd. All rights reserved.
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sensors are usually non-minimum-phase (NMP). These two problems affect ANC performance. A
new method is proposed here to deal with these problems.
For ANC applications in resonant fields, the ideal transfer functions of controllers are IIR

filters. Different adaptive algorithms were proposed to implement adaptive IIR filters for ANC
applications [6–8]. For those adaptive IIR filters, there is a lack of stability guarantee in every step
of adaptations. Recently, the adaptive lattice filters were introduced to solve the problem [9].
Despite the improvement in stability, adaptive IIR filters converge much slower than adaptive
finite impulse response (FIR) filters. The stationary points of adaptive IIR filters could be local
minima instead of global minima. It is recommended to use adaptive FIR filters whenever possible
[10]. In this paper, a new ANC configuration is proposed in which an adaptive FIR filter is applied
to minimize the H2 norm of the noise path. To achieve the same result, an IIR filter must be
applied in an available ANC configuration. Detailed explanations will be presented to show the
differences between the new method and the available methods, as well as the advantages of the
new method.
A transfer function F(z) is NMP if one or more of its zeros locate on or outside a unit circle

centered at the origin of the complex z-plane. These zeros are known as NMP zeros. Since the
NMP zeros of F(z) are the NMP poles of F�1(z), an ideal ANC controller is unstable if part of its
transfer function is the inverse of an NMP transfer function. In that case, a stable transfer
function has to be substituted for the ideal yet unstable controller transfer function. This is a
frequently encountered problem in many ANC applications.
Consider the ANC system in Fig. 1, where P(z), S(z), R(z) and F(z) denote the primary,

secondary, reference and feedback transfer functions, respectively. It is assumed that these models
match the respective physical paths with negligible errors. The gray-box in Fig. 1 represents an
ANC controller CðzÞ ¼ GðzÞð Þ= 1þ F̂ ðzÞGðzÞ

� �
, in which signal-processing operations are carried

out in internal blocks F̂ ðzÞ and G(z), respectively. The objective of F̂ðzÞ is to cancel the acoustical
feedback path F(z) in the noise field. If the model errors in F̂ ðzÞ are small enough, the closed-loop
system is stable [1,2]. Here it is assumed that F̂ðzÞ ¼ FðzÞ to avoid unnecessary distractions. One
may apply the block diagram algebra to Fig. 1 and obtain

eðzÞ ¼ fPðzÞ þ SðzÞCðzÞ½I � FðzÞCðzÞ��1RðzÞgnðzÞ

¼ ½PðzÞ þ SðzÞGðzÞRðzÞ�nðzÞ, ð1Þ
n(z) 

+ 

+ + Secondary
path S(z) 

+ e(z) 
Reference 
path R(z)  

)(ˆ zF  

Primary path P(z) 

Feedback 
path F(z)  

Reference 
Signal r(z)  ANC controller C(z) 

+ 

G(z) 

a(z)

−

Fig. 1. Block diagram of an ANC system.
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where e(z) and n(z) are, respectively, z-transforms of the error and primary source signals. An
exact solution of e(z) ¼ 0 implies G(z) ¼ Gid(z) ¼ �S–1(z)P(z)R–1(z). This is the ideal controller to
achieve e(z) ¼ 0 when the primary source is broadband white noise. One should find two
problems in Eq. (1): (i) Gid(z) is an IIR filter even if P(z), S(z) and R(z) are FIR filters; and
(ii) Gid(z) is unstable if either S(z) or R(z) is NMP. For ANC applications in resonant noise fields,
P(z), S(z) and R(z) are IIR filters, and the expression of Gid(z) is more complicated but still
contains S–1(z) and R–1(z). It is important to solve or approximate JP(z)+S(z)G(z)R(z)J ¼ 0 for
ANC systems. Exact solutions have been reported requiring extra secondary sources [11,12] or
extra sensors [13].
For a single-input and single-output (SISO) ANC system, there is no stable and exact solution

of ||P(z)+S(z)G(z)R(z)|| ¼ 0 if S(z) is NMP [11]. A minimum H2 norm controller was proposed in
Ref. [14], which is based on the exact knowledge of P(z), S(z) and direct availability of n(z). In
many applications, the primary noise does not come from a single source or the location of the
primary source is uncertain. It may not be possible to obtain an accurate P(z) in these
applications. Besides, a reference signal must be measured to recover n(z). A new method is
proposed here to design and implement an adaptive H2 controller without the knowledge of P(z).
This controller achieves the best performance by minimizing the H2 norm of the noise path.
Experimental results will be presented to verify the analysis results.
2. Dealing with IIR paths

For ANC systems in resonant sound fields, path models are best represented by IIR filters

PðzÞ ¼
BpðzÞ

AðzÞ
; SðzÞ ¼

BsðzÞ

AðzÞ
; RðzÞ ¼

BrðzÞ

AðzÞ
and F ðzÞ ¼

Bf ðzÞ

AðzÞ

with the same denominator A(z). A common denominator shared by all path transfer functions in
a system is the feature of a large class of distributed-parameter systems to which the modal theory
is applicable [11]. Acoustical systems belong to this class. If A(z) ¼ 1, then all path models become
FIR filters. Therefore, the proposed ANC structure is also applicable to other ANC applications
if one sets A(z) ¼ 1 in the proposed ANC structure.
In this section, it is temporarily assumed that S(z) and R(z) are MP. A possible ANC structure

is represented by the gray-box in Fig. 2. Although the gray-boxes in Figs. 1 and 2 have different
structures, these controllers can be equivalent under a certain condition. A significant difference
will be revealed at the end of this section to demonstrate an important advantage of the new ANC
structure. One may apply the block diagram algebra to the gray-box of Fig. 2. The transfer
function of this box can be derived as

CidðzÞ ¼
�BpðzÞAðzÞ=BsðzÞBrðzÞ

1� BpðzÞBf ðzÞ=BsðzÞBrðzÞ
¼

�BpðzÞAðzÞ

BsðzÞBrðzÞ � BpðzÞBf ðzÞ
. (2)

The gray-boxes in Figs. 1 and 2 are equivalent to each other if internal block G(z) of Fig. 1 is
chosen to be

GidðzÞ ¼
CidðzÞ

1� F ðzÞCidðzÞ
.
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Fig. 2. Block diagram of the proposed ANC structure.
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Substituting Eq. (2) into the equivalence condition, one can write

GidðzÞ ¼
CidðzÞ

1� FðzÞCidðzÞ
¼
�BpðzÞAðzÞ

BsðzÞBrðzÞ
. (3)

If one further substitutes Eq. (3) and all the path transfer functions into Eq. (1), the result will be

eðzÞ ¼
BpðzÞ

AðzÞ
�

BsðzÞBpðzÞBrðzÞ

AðzÞBsðzÞBrðzÞ

� �
nðzÞ ¼ 0, (4)

where Bs(z) and Br(z) appear in the numerator and the denominator. Since S(z) and R(z) are MP
by the temporary assumption in this section, Bs(z) and Br(z) are MP polynomials whose effects are
cancelled out such that e(z) ¼ 0.
Therefore, for cancellation of broadband white noise, the ideal ANC controller may be

implemented in two alternative and equivalent structures. One is represented by the gray-box
of Fig. 2, whose transfer function is Cid(z) in Eq. (2). The other is represented by the gray-box of
Fig. 1, with an internal block Gid(z) given by Eq. (3). Both Cid(z) and Gid(z) are IIR filters even if
all path models become FIR filters when A(z) ¼ 1. If either Cid(z) or Gid(z) is substituted by a FIR
filter, it is analytically impossible to achieve e(z) ¼ 0. This is a problem to be improved by the new
ANC structures in Figs. 2 and 3.
In many applications, P(z) is not available and Eq. (2) cannot be used to obtain the parameters

of Cid(z) directly. Instead, the secondary path model S(z) is used to obtain the filtered-x signal for
online adaptation of controller C(z) [1,2]. For the proposed ANC controller in Fig. 3, only
numerator Bc(z) is adaptive. All signal-processing operations in Fig. 3 are described
mathematically by Eqs. (5)–(8). These operations are analyzed in the following part.
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Fig. 3. Block diagram of the proposed ANC (adaptive).
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The reference signal, given by

rðzÞ ¼
BrðzÞ

AðzÞ
nðzÞ þ

Bf ðzÞ

AðzÞ
aðzÞ,

is contributed by the primary and secondary sources. This signal is filtered by A(z) and added to
an internal signal �Bf(z)a(z) to cancel the acoustical feedback. The resultant is then filtered by
B�1r ðzÞ to be

x zð Þ ¼
1

Br zð Þ
A zð Þr zð Þ � Bf zð Þa zð Þ
� �

¼
1

Br zð Þ
A zð Þ

Br zð Þ

A zð Þ
nðzÞ þ

Bf zð Þ

A zð Þ
a zð Þ

� �
� Bf zð Þa zð Þ

� �
¼ n zð Þ. ð5Þ

The coherence between x(z) and n(z) is an important problem in ANC systems. As long as Br(z)
remains MP, a stable signal x(z) ¼ n(z) is recoverable by Eq. (5). This is practically possible if the
reference sensor is sufficiently close to the primary source in our experiments. The actuation signal
a(z) is then synthesized from x(z) ¼ n(z) by

aðzÞ ¼
BcðzÞ

BsðzÞ
nðzÞ. (6)

Since S(z), F(z) and R(z) are available with sufficient accuracy, as assumed by many ANC
researchers, A(z), Bs(z), Br(z) and Bf(z) are available with sufficient accuracy. Only Bc(z) is not
determined yet. It is adaptive in order to cancel an unknown FIR transfer function to be explained
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in due course. This is different from the available methods that use an adaptive FIR filter to
approximate an IIR filter like Cid(z) or Gid(z).
To see the cancellation target of Bc(z), one needs to examine the error signal, which is

measured as

eðzÞ ¼
BpðzÞ

AðzÞ
nðzÞ þ

BsðzÞ

AðzÞ
aðzÞ.

Let e(z) ¼ A(z)e(z), then one can write

�ðzÞ ¼ BpðzÞnðzÞ þ BsðzÞaðzÞ ¼ BpðzÞ þ BcðzÞ
	 


nðzÞ, (7)

upon substitution of Eq. (6) for a(z). When P(z) is not available, Bp(z) is an unknown FIR filter
whose effects should be cancelled by the application of adaptive FIR filter Bc(z). Let bpk

� �m

k¼0
and

bckf g
m
k¼0 denote, respectively, coefficients of Bp(z) and Bc(z). One may express Eq. (7) in the time-

domain as

�ðtÞ ¼
Xm

k¼0

ðbpk þ bckÞnðt� kÞ: (8)

From Eq. (8), one can derive

q
qbck

E �2ðtÞ
� �

¼ 2E �ðtÞnðt� kÞ
� �

.

The gradient vector of E{e2(t)} consists of products of delayed samples of x(t) ¼ n(t) with the
error signal e(t). The gray-box of Fig. 3 is based on the gray-box of Fig. 2 with additional
operations to obtain the gradient vector given in Eq. (8).
In view of Eq. (7), the global minimum of E{e2(t)} ¼ 0 is analytically possible if Bc(z) ¼ �Bp(z).

The convergence of Bc(z)-�Bp(z) and e(t)-0 is not a problem if one applies the filtered-x LMS
algorithm to Fig. 3. This is, in fact, an important advantage of the new controller. For other ANC
systems, E{e2(t)} ¼ 0 is analytically impossible by the application of a FIR filter. As shown in Eqs.
(2) and (3), Cid(z) and Gid(z) are IIR filters even if all path models are FIR filters. Most adaptive
ANC systems use adaptive FIR filter C(z) or G(z) to approximate IIR filter Cid(z) or Gid(z). Even
if R(z), S(z) and F(z) are available accurately, it is impossible to achieve E{e2(t)} ¼ 0 by those
methods because a FIR filter cannot match an IIR filter exactly.
The proposed method makes better use of the available knowledge due to its new configuration

represented by the gray-box in Fig. 3. The ANC controller consists of different internal blocks.
Some of the internal blocks can be derived from S(z) or F(z). Only part of the controller, Bc(z), is
made adaptive. The separate treatment of the ANC controller makes it possible to achieve
E{e2(t)} ¼ 0 if Bc(z) converges to FIR filter �Bp(z).
In the derivations of this section, it is temporarily assumed that S(z) and R(z) are MP. The ideal

controller transfer functions Cid(z) or Gid(z) are stable under such an assumption. The focus is the
separate treatment of internal blocks of the ANC controller. Another obstacle to objective
E{e2(t)} ¼ 0 is the NMP zeros in S(z) or R(z). The ideal ANC controller is unstable when either
S(z) or R(z) is NMP. That is the focus of the next section.
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3. Dealing with NMP paths

Attention is now directed to the case of a NMP secondary path S(z) if the error sensor is not
collocated with the secondary speaker, though it is reasonable to assume a MP R(z) when the
reference sensor is collocated with or close to the primary source. In case R(z) is NMP, similar
treatments on S(z) are also applicable to R(z) since S(z)R(z) is equivalent to a single model for
SISO systems.
For a SISO ANC system with a NMP secondary path, it is possible to achieve optimal perfor-

mance in the minimum H2 norm sense based on the knowledge of P(z), S(z) and direct availability
of primary noise signal n(z) [14]. In case P(z) and n(z) are not available, a method is proposed here
to implement an adaptive H2 controller. The new ANC structure is given in the gray-box of Fig. 4.

The IIR filter B�1s ðzÞ in Fig. 3 is unstable if Bs(z) is NMP. It is replaced by a stable ~B
�1

s ðzÞ in Fig. 4.

This is possible if one mirrors the NMP roots of Bs(z) into the unit circle to obtain ~BsðzÞ.

The use of ~B
�1

s ðzÞ is related to the H2 controller design theory. One way to design an H2

controller is to factorize S(z) ¼ Va(z)Vm(z), where Va(z) is an all-pass filter and Vm(z) is a MP
filter. Let Bs(z) ¼ Bn(z)Bm(z) where Bn(z) and Bm(z) contain the NMP and MP roots of Bs(z)

respectively. If the degree of BnðzÞ ¼
Pdn

i¼0bniz
�i is dn, then ~BnðzÞ ¼

Pdn

i¼0bnðdn�iÞz
�i can be obtained

by using coefficients of Bn(z) in the reversed order. If the roots of Bn(z) are {ri}, then the roots of
~BnðzÞ will be {1/ri} [15]. Since |ri|41 for all roots of Bn(z), ~BnðzÞ is stable. One may then write

SðzÞ ¼
BsðzÞ

AðzÞ
¼

BnðzÞ

~BnðzÞ

~BnðzÞBmðzÞ

AðzÞ
¼

BnðzÞ

~BnðzÞ

~BsðzÞ

AðzÞ
. (9)
+ 

+ +

+ 

)(

)(

zA

zBs
 

+ e(z) n(z)
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)(
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Fig. 4. Block diagram of the proposed ANC (adaptive with NMP secondary path).



ARTICLE IN PRESS

J. Yuan / Journal of Sound and Vibration 291 (2006) 749–763756
It can be shown ~Bnðe
joÞ

�� �� ¼ e�dnjoBnðe
�joÞ

�� �� ¼ Bnðe
joÞ

�� �� for all o [15], therefore BnðzÞð Þ= ~BnðzÞ
� �

is a

stable all-pass filter. A possible factorization of S(z) ¼ Va(z)Vm(z) would be

VaðzÞ ¼
BnðzÞ

~BnðzÞ
and VmðzÞ ¼

~BsðzÞ

AðzÞ
(10)

for the design of an H2 ANC controller.
If R(z) ¼ 1, n(z) is broadband white noise, P(z) and n(z) were available, then an optimal

controller Copt(z) could be sought to minimize ||[P(z)+S(z)Copt(z)]n(z)||2. This could be done by
the minimization of

Pþ SCopt

�� ��
2
¼ VaðzÞ
�� ��

2
V�1a Pþ VmCopt

�� ��
2
¼ V�1a Pþ VmCopt

�� ��
2
, (11)

where ||Va(z)||2 ¼ 1 since it is an all-pass filter. One may apply partial fraction expansion to write

V�1a ðzÞPðzÞ ¼
~BnðzÞ

BnðzÞ

BpðzÞ

AðzÞ
¼

KuðzÞ

BnðzÞ
þ

KsðzÞ

AðzÞ
, (12)

where FIR filters Ku(z) and Ks(z) are determined by the coefficients of Bp(z). The two parts in the
right-hand side of Eq. (12) are orthogonal to each other in the H2 norm sense. Since
KuðzÞð Þ= BnðzÞð Þ is the unstable part of V�1a ðzÞPðzÞ, it cannot be cancelled by any stable feedforward
controller. The best control result, in the minimum H2 norm sense, is the cancellation of the stable
part of V�1a ðzÞPðzÞ by an optimal controller in the form of

CoptðzÞ ¼ �V�1m ðzÞ
KsðzÞ

AðzÞ
¼ �

AðzÞ

~BsðzÞ

KsðzÞ

AðzÞ
¼ �

KsðzÞ

~BsðzÞ
. (13)

By substituting Eqs. (12) and (13) into Eq. (11), one minimizes Pþ SCopt

�� ��
2
¼ Ku=Bn

�� ��
2
in the

H2 norm sense. From this point of view, the best controller for a broadband ANC system with a
NMP secondary path is an IIR filter Copt(z). It remains an IIR filter even if S(z) ¼ Bs(z) becomes a
FIR filter when A(z) ¼ 1. One can only degrade Pþ SCk k24 Ku=Bn

�� ��
2
by replacing Copt(z) with

any other ANC controllers.
A problem with available ANC systems is the use of an adaptive FIR filter C(z) to approximate

Copt(z) when P(z) and n(z) are not available. This leaves room for improvement since a FIR filter
can never match an IIR filter exactly. Any mismatch between FIR filter C(z) and IIR filter Copt(z)
can only degrade Pþ SCk k24 Ku=Bn

�� ��
2
. The proposed ANC controller, represented by the gray-

box of Fig. 4, is applicable to improve ANC performance in this direction. Signal-processing
operations inside the new controller are described by Eqs. (5), (14)–(16). Since the measured
reference signal r(z) contains the acoustical feedback, Copt(z) cannot be implemented directly.
Eq. (5) must be used to cancel the acoustic feedback and recover x(z) ¼ n(z), hence the similarity
between Figs. 3 and 4. The actuation signal in Fig. 4 is synthesized by

aðzÞ ¼
BkðzÞ

~BsðzÞ
nðzÞ. (14)

Since j[P(z)+S(z)Copt(z)]n(z)j is the best achievable result in the H2 norm sense, the optimal
actuation signal must be a(z) ¼ Copt(z)n(z). This means Bk(z) should converge to �Ks(z) by
comparing Eqs. (13) and (14). Therefore, the new ANC controller requires the convergence of
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Bk(z) to FIR filter �Ks(z) for best performance in the minimum H2 norm sense when the
secondary path is NMP.
Since P(z) is not available, Ks(z) cannot be obtained directly. Its degree, however, is predictable

if the degree of Bp(z) is predictable. With a predicted degree, Bk(z) is adapted by the application of
the filtered-x LMS algorithm. Similar to the derivation of Eq. (7), one may express the error signal
in Fig. 4 as

�ðzÞ ¼ BpðzÞnðzÞ þ BsðzÞaðzÞ

¼ BpðzÞ þ BkðzÞ
BsðzÞ

~BsðzÞ

� �
nðzÞ

¼ BpðzÞnðzÞ þ BkðzÞyðzÞ, ð15Þ

where

yðzÞ ¼
BsðzÞ

~BsðzÞ
xðzÞ.

Let d(t) represent the time-domain signal of d(z) ¼ Bp(z)n(z). The time-domain version of e(z),
given by

�ðtÞ ¼ dðtÞ þ
Xm

i¼0

bkiyðt� iÞ,

may to used to derive

q
qbki

Ef�2ðtÞg ¼ 2Ef�ðtÞyðt� iÞg. (16)

These are elements of the gradient vector for the adaptive filter Bk(z) in Fig. 4. The convergence of
Bk(z) - �Ks(z) is possible by the application of the filtered-x LMS algorithm.
The stability of the new controller can be established by showing that all internal

signals x(z), y(z) and a(z) are bounded-in-bounded-out (BIBO) stable. The analytical expression
x(z) is given by Eq. (5), where a(z) is cancelled out and Br(z) is MP by assumption.
Therefore x(z) ¼ n(z) is BIBO stable. In case Br(z) is NMP, its treatment is similar to the
treatment of Bs(z). Next,

yðzÞ ¼
BsðzÞ

~BsðzÞ
xðzÞ

is also BIBO stable since ~BsðzÞ is stable. Adaptive coefficients of Bk(z) are determined by the
filtered-x LMS algorithm with a BIBO gradient given by Eq. (16). Therefore coefficients of Bk(z)
are uniformly bounded as long as the adaptation step size is sufficiently small. The stability of a(z)
depends on Eq. (14), which is BIBO stable because ~BsðzÞ is stable and coefficients of Bk(z) are
uniformly bounded. The use of ~BsðzÞ plays an important part in the stability of the ANC
controller. Otherwise, if Bs(z) was not replaced by ~BsðzÞ, internal signals y(z) and a(z) would be
unstable when the ANC system has a NMP secondary path.
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4. Experimental verification

The proposed method was tested experimentally in a duct with a length of 2m and a cross-
section of 11� 15 cm2. The experimental setup is shown in Fig. 5. The primary source was placed
at the right end of the duct. The secondary source was 1m away from the primary source. These
are 4 in speakers with 800mw capacity. The reference and error sensors (B&K 4130 microphones)
were placed, respectively, at the right- and-left-hand sides of the secondary source. The ANC
was implemented in a dSPACE 1103 board with a sampling frequency 2.5 kHz. The actuator
output signals are in the range of75V, which were amplified by a two-channel power amplifier to
drive the primary and secondary speakers. Analog signals were filtered by anti-alias filters with
cut-off frequencies set to 1000Hz. Noise suppression performance was tested in a range of
80–1000Hz, which is limited by the geometric size of the speakers and the cut-off frequency
of anti-alias filters.
The primary source n(z) was pseudo-random noise generated by the dS1103, but the reference

signal was measured by a sensor placed close to the primary speaker. Different holes were drilled
in the upstream segment to test the locations of reference sensor, which could affect the coherence
between the recovered signal x(z) and the primary source n(z). For the proposed approach, x(z) is
recovered by Eq. (5) with Br(z) as the denominator. A highly coherent x(z) ¼ n(z) requires a MP
Br(z), which is possible if the reference sensor is sufficiently close to the primary source. This
approach is more realistic than other methods that assume R(z) ¼ 1.
The power spectral density (PSD) of e(z) is divided by the PSD of n(z) to be the normalized PSD

and then plotted in Fig. 6 for three different cases. In Case 1, the normalized PSD of e(z)
was obtained without ANC. It is equivalent to the magnitude responses of P(z) with G(z) ¼ 0 in
Reference 
sensor 
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source 

Error 
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2ndary
source 

Anti-alias 
filtering

Ds1103 board 
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implementation 

Anti-alias 
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Fig. 5. Experiment setup (schematic and photograph).
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Fig. 6. Normalized PSD of e(z), with ANC off (dashed), typical ANC (gray), and new ANC (black), respectively.
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Eq. (1). The corresponding data are plotted in Fig. 6 as the dashed curve. It serves as the reference
for the comparison between a typical ANC controller and the proposed one.
In Case 2, a typical ANC controller was implemented using the block diagram structure of

Fig. 1. Path transfer functions F(z), S(z) and R(z) were approximated by FIR filters with 256
coefficients. The ANC system attempted to use a 256-coefficient FIR filter C(z) to match IIR filter
Copt(z). This is an existing problem discussed in Section 3. Although C(z) converged as expected, it
was impossible to match Copt(z) exactly, and the mismatch would only degrade

Pþ SCk k24 Ku=Bn

�� ��
2
of the noise path. For Case 2, the normalized PSD of e(z) is plotted in

Fig. 6, as the gray curve.
Case 3 needs more detailed explanations because the proposed method was tested in this case.

The equation error method [16] was applied to identify

FðzÞ ¼
Bf ðzÞ

AðzÞ
; SðzÞ ¼

BsðzÞ

AðzÞ
and RðzÞ ¼

BrðzÞ

AðzÞ

where the degrees of A(z), Bf(z), Bs(z) and Br(z) were 80. Magnitude responses of the secondary
path and its IIR model are plotted in Fig. 7 as the gray and black curves, respectively. The non-
parametric magnitude response of S(z) was computed as the PSD of e(z) normalized by the PSD
of n(z), when n(z) was connected to the secondary source. The identification of S(z) is very
accurate, since the two curves in Fig. 7 almost overlap exactly in the frequency range of interests.
The non-parametric magnitude response of P(z) is actually the normalized PSD shown in Fig. 6 as
the dashed curve. The path model was not identified since this may not be possible in real
applications. Only the IIR model of S(z) ¼ Bs(z)/A(z) was required in the experiment. The NMP
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Fig. 7. Magnitude responses of the secondary path (gray) and its IIR model (black).
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zeros of Bs(z) were mirrored into the unit circle to obtain ~BsðzÞ. The new ANC controller was then
implemented using the block diagram of Fig. 4.
Experimental data were collected to obtain the normalized PSD of e(z) when the new ANC was

active. These data are plotted in Fig. 6 as the black curve for Case 3. The new controller
attenuates noise more effectively in the frequency range of interest. Its control performance is very
close to the predicted control performance as shown in Fig. 8, where the thick gray curve
represents the performance of the proposed controller and the thin black curve represents the
predicted control performance. The mean square errors are plotted in Fig. 9, for the typical ANC
(thick gray curve) and the new ANC systems (thin black curve), respectively. The new ANC
system achieves approximately 7 dB improvement in the mean square error over the typical one.
The cost of improvement is the offline computations for ~BsðzÞ and more online computations
during each sampling interval. A typical adaptive ANC controller requires online filtering of F(z)
and S(z) to cancel the acoustical feedback and obtain the filtered-x signal. This is roughly the
computation load of Bf(z) and Bs(z) in the dashed-box of Fig. 4. The additional online
computations are filter operations of A(z) and ~B

�1

s ðzÞB
�1
r ðzÞ. These are required to compute the

gradient rk, whose elements are given by Eq. (16).
Let wk denote the weights of an adaptive FIR filter, the operation of an LMS may be expressed

as wk+1 ¼ wk�mrk, where m is the step size. The increased load of rk is not a problem for most
DSP chips when the sampling rate is 2.5 kHz. As long as rk is updated within each sampling
interval, the convergence rate of wk+1 ¼ wk�mrk will not be affected if m remains the same.
In the experiment, the value of m was determined by trial and error and set to m ¼ 0.01 for both
the typical ANC controller and the proposed one. Both ANC controllers converged at roughly the
same speed. The adaptive Bk(z) attempted to match a FIR filter Ks(z) for best performance in
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the minimum H2 norm sense. This was similar to the typical ANC controller whose C(z)
attempted to match an IIR filter Copt(z) under a same conditions. The new controller was
observed as stable as a typical ANC controller.
5. Conclusion

In this study, the ideal ANC is defined as one that drives the error signal e(z) to zero when the
primary source n(z) is broadband white noise. Under the same conditions, the best ANC is one
that minimizes the H2 norm of the noise path. It is shown analytically that the ideal and best ANC
controllers are IIR filters even when all path models of the noise field are FIR filters.
When the secondary paths are NMP, which is a frequently encountered situation in ANC

systems, it is impossible to drive e(z) ¼ 0. Only the best ANC controller is practically applicable,
which is an IIR filter Copt(z) given in Eq. (13). Many available ANC systems use an adaptive FIR
filter C(z) to match IIR filter Copt(z). Any mismatch between C(z) and Copt(z) only degrades the
ANC performance in the H2 norm sense.
The problem can be solved by the proposed ANC system that makes better use of the path

models. By the proper design of the ANC structure, only a sub-block of the controller is made
adaptive. The entire ANC controller will match Copt(z) for the best performance in the minimum
H2 norm sense. When the secondary path is MP, the new ANC controller will drive e(z) ¼ 0 if its
adaptive block converges to FIR filter �Bp(z). Experimental results are presented to verify the
analytical results.
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